This paper uses the Capital Asset Pricing Model (CAPM), in its canonic version and with nonlinear extensions, aiming at pricing a panel of 75 stock investment funds in Brazil, throughout the last 11 years. The result suggests that the linear version of said framework is not capable of pricing or forecasting actual returns of funds which have high net equity (NE) and outperformance, with respect to the index of the São Paulo Stock Exchange (Ibovespa), corroborating previous evidence. The non-linear version with thresholds based on the NE seems to deal better with the issue of significant Jensen's alphas, although it is statistically indicated only for a few funds with high NE, but low outperformance. This is evidence that, even though size influences the management and, possibly, the performance of a fund, the pricing modeling of such effect should be made linearly.
INTRODUCTION
urrently, it is estimated that approximately 90% of the volume of financial transactions of investments or financing of companies worldwide are directly associated with the various types of mutual funds. In Brazil, the financial volume in the funds industry exceeds 60% of the total values raised in the national financial system, considering term deposits, demand deposits and savings accounts.
Such empirical evidence concerning the relevance of said market in the current economic scenario has as theoretical grounds the power of diversification, as addressed 60 years ago in the framework of Modern Financial Theory.
With respect to stock investment funds, despite the evolution of this category, there has not been considerable developments in the literature in terms of theoretical modeling of pricing and forecast of returns of dynamic portfolios composed by such funds. Accordingly, a natural question would be one concerning the capacity of the frameworks traditionally used for pricing shares to incorporate the sources of risk and the specificities of such market.
According to Sharpe (1991) , the gross returns obtained by the funds before the deductions associated with the transaction costs are such that investors shall not have outperformance in relation to the benchmark, in case they invest in strategies containing only passive funds indexed to such benchmark, i.e., the Jensen's alphas associated with the pricing model in question would be null. In this context, known as arithmetic of active management, the Jensen's alpha shall be null, with respect to the category of investment funds with active management.
Many variables associated with the expertise of the manager, or with the size of the fund, among others, could be relevant in the explanation of the performance observed in a category of investment funds. According to Chen et al. (2004) , for a panel of American funds, from 1962 to 1999, even after the due control for a wide set of variables, there is a negative correlation caused by the size of the fund in its gross performance, possibly associated with the effects of liquidity and internal organization.
Specifically for Brazil, Matos and Rocha (2009) identified a pattern of outperformance associated with the size. According to the authors, " [...] the performance of the pricing models depends on a pattern of the stock investment funds in Brazil,… the factor models capture better than the CAPM the risks associated with investment funds with higher net equity (NE) and with larger performance gap in relation to the Ibovespa. This improvement, however, does not seem to be sufficient, which may be evidence of the need to construct factor models in the manner of Fama and French, which accommodate the specific anomalies of the investment funds market." This paper is in line with the discussion instigated in Chen et al. (2004) and it aims at continuing Matos and Rocha (2009) when dealing with evidence on the relevance of allowing distinct dynamic behaviors for the return of an investment fund, depending on the regime, associated with its size, in which said fund is found in time. Thus, the use of a nonlinear framework for the CAPM, the Threshold CAPM (TCAPM), is suggested here, in the manner, for instance, of the TAR (Threshold Autoregressive) model initially proposed by Tong (1978) and Tong and Lim (1980) Brazil, for the period from January 1998 to December 2008. The objective is to measure the degree of robustness of the evidence previously obtained, in addition to evidencing the existence of a common pattern for the investment funds causing them to be modeled in a more adequate manner, from threshold effects caused by the levels of net equity (NE) of the respective funds.
The main results suggest that the incorporation of the non-linearity seems to be relevant when dealing better with the disturbance generated by significant Jensen's alphas, considering the returns after administrative costs. However, there are restrictions as to the use of this nonlinear framework, being well specified only for some funds with the characteristics of high NE and low performance, suggesting that it may be necessary to develop linear modeling, with specific risk factors for investment funds capable of capturing such "anomalies" or patterns.
This work is structured as follows: in the next section, brief comments are made on the investment funds in Brazil; in section 3, a literature review is made, describing in details the empirical exercise in section 4; in the two last sections, the results are discussed and final considerations are made.
INVESTMENT FUNDS IN BRAZIL
In Brazil, although the first investment funds appeared in the 1950s, more precisely with of incorporation, which also include the rights and duties of members, rules on the system for collection of fees and aspects related to its corporate organization, such as management of the assets and liabilities, the administration and custody of assets which compose its portfolio.
The specialized management of investment funds tends to reduce the information asymmetry existing in the market where they act, in addition to offering a good investment option to those who choose a passive strategy of portfolio rebalancing, providing small investors with access to better market conditions.
With respect to the category of stock investment funds, it can be observed that the average NE in a cross-section of 75 funds, during the period from 1998 to 2008, oscillates from BRL 2 million to BRL 1 billion. On the time dimension, some interesting statistics, data from the approximate equity of BRL 1.13 trillion, a 5.01% reduction to NE, according to description in Table 1 . Also in accordance with Anbid, until mid-September 2009, the net funds raised throughout that year were BRL 1.3 trillion, evidencing the recovery of this "industry".
To obtain greater detail on such market, it is indispensable to read a very informative recent survey, developed by Varga and Wengert (2009) , where they describe the history and the evolution of such industry in Brazil, addressing the regulatory aspects, the types of agents involved and the economic environment. Source of innumerable statistics, we emphasize the fact that there are in Brazil over eight thousand investment funds, until the end of 2008, in addition to their significant relevance in this market in Latin America, occupying the first place in the region and the eleventh place when compared with all other countries.
REVIEW OF LITERATURE ON PRICING OF ASSETS

RISK-RETURN TRADE-OFF
There seems to be a consensus in the financial sector on the fact that the biggest challenge in the Theory of Asset Pricing is associated with the capacity to propose micro-based frameworks, accommodating the main empirical evidence in the most diverse financial markets, in the time dimension or cross-section. This mainstream can be considered recent, being the result of discussions arising from the first studies developed in Markowitz (1952) , under which the bases of the Modern Theory of Portfolios were established, in the 1950s. There were innumerable developments and contributions of this framework, from the theoretical support concerning the capacity of risk diversification to the specification of the preferences of an investor, whose arguments would be associated only with the two first central moments of the distribution of the financial assets' returns.
Approximately one decade later, Sharpe (1964), Lintner (1965) and Mossin (1966) derived in classic works the framework which would give rise to the Capital Asset Pricing Model, or CAPM. Even though it is considered the most traditional, most known and also most used asset pricing model in the financial market worldwide, a vast range of criticism and limitations can be pointed out (see Roll (1977) , Stambuagh (1982) , Roll and Ross (1995) , Kandell and Stambaugh (1995) , among others), in addition to robust empirical evidence against the empirical success of this framework, such as the size effect in Banz (1981) or the contradictory positive correlation between leverage and average return reported in Bhandari (1988) . A third moment of advancement can be characterized by the development of approaches based on optimum decisions of consumption and savings, the well-known Capital Consumption Asset Pricing Model (CCAPM), from works such as Lucas (1978) , Breeden (1979) and Mehra and Prescott (1985) .
According to Cochrane (1990) , it would be possible to summarize this complex range of models comprised in the theory of pricing in a simple pair of correlations, where one of them describes the empirical representation related to the cost of the asset itself, while the other one specifies which economic assumptions are being made. In this classic survey, the author also formalizes the connection between the pricing approach via Stochastic Discount Factor, a random variable which correctly discounts the flow of payoffs of an asset, mean variance frontier, beta representations and linear factor models.
Based on this connected set of frameworks and representations, there have been countless attempts, with or without success, to accommodate puzzles and to forecast prices of financial assets.
Considering the category of fixed income assets, the factors approach used in Fama and French (1993) should be mentioned, which aimed at capturing the differences among return characteristics of long and short term bonds. We should emphasize the literature which aims at establishing the correct and justified price for the category of derivatives, interesting and useful assets for hedge and speculative transactions, either using trivial frameworks, such as the binomial, or even restricted access, by means of the use of stochastic calculation in Black and Scholes (1973) .
Specifically concerning stocks, one of the vastest literatures in finances on the most diverse approaches or objectives is started. It is possible to summarize the main schools of thought which serve as basis for the theoretical and empirical works, which are associated with the attempt to identify variables that: i) have an influence in the pricing and forecasting capacity of the models, such as size, leverage, ratio between net equity and market value (book-to-market) or dividend and price, thus generating patterns which corroborate the perception and the theoretical results of models or "seal" the end of their application; ii) have explanatory power in commonly linear approaches in the cross-section or time dimension.
The following articles are among those which are more strongly mentioned and followed in this area: Ross (1976) with the Arbitrage Pricing Theory (APT), Fama and French (1992 ) e (1996 ) and Carhart (1997 , exploring factor models and size effects, book-tomarket, market risk and momentum. Cochrane (2001 Cochrane ( , 2006 is an excellent source on pricing models for individual stocks, being possible to evidence that, although extremely legitimate, such extreme concern can be treated as a secondary issue, other markets, mainly the investment funds market, admittedly relevant and with one of the highest potentials for growth, as defended theoretically in Markowitz (1952) , by means of the supremacy of passive strategies, and argued in Vargas and Leal (2006) , according to which one of the most important aspects of the financial theories is the efficient management of portfolios.
In light of this evidence on a type of absence of specific literature addressing mutual funds for investment in stocks, or even investment funds in other categories, it is essential that we ask 
CAPITAL ASSET PRICING MODEL: APPLICATIONS AND EXTENSIONS
The main result of the CAPM is that the excess return for a certain financial asset would be associated linearly with the excess market return, according to the following equation:
where R i consists of the actual return of the asset i; R f is the actual return of the asset seen as risk-free;  i is the sensitivity coefficient of the asset i in relation to the market portfolio; R m consists of the actual return of the market portfolio and E [.] is the expected value operator.
Among the vast literature which applies this framework to the Brazilian market, one of the most interesting studies would be Barros, Picanço and Costa Jr. (1998) Thus, even accepting the market indices as proxies for such market portfolio, the research analyzes the behavior of systematic anomalies detected in the formation of prices of the assets and not explained by the CAPM, with an extensive literature being developed in the Theory of Asset Pricing, aiming at relaxing the hypotheses of the original framework. It is possible to evidence an interesting degree of robustness of the CAPM to the flexibilization of some of its hypotheses and identify other explaining factors.
In this context, in 1976, Ross developed an alternative modeling based on the hypothesis of non-arbitrage, the Arbitrage Pricing Model (APT), which supports the formation of the equilibrium prices of the assets as a result of the systematic influences of factors of economic nature, even if they are not directly observable. Subsequently, various factor models were developed, with prominence for Fama and French (1992 and , which evidenced that the effects book value/market value and the size of the firm absorb the majority of the anomalies which invalidate the CAPM. Such authors suggest an alternative model, described below, which includes, in addition to the market factor, other two factors: the SMB, related to the size of the firm and the HML, related to the book value/market value.
In Fama and French (1998) , they confirm that such effects are present in various countries in the period from 1975 to 1995. Jegadeesh and Titman (1993) identified the Momentum effect, according to which stocks with low returns in the last 3 to 12 months tend to have worse performances in the next three to twelve months, while stocks with extraordinary returns in the same period would tend to keep high returns for the next months. Innumerable frameworks, in their great majority ad hoc, have been developed with the intention of modeling beyond risk premiums or size effect, or relevant aspects of the stock market, such as liquidity premium.
THIS WORK AND THE RELATED LITERATURE
As evidenced in the literature on stocks, it seems that it is quite pertinent to raise questions on anomalies or patterns specific to the funds market associated with the "size" of such funds. With respect to evidence of patterns in the cross-section dimension, Matos and Rocha (2009) analyzed the capacity of pricing and forecasting the actual returns of the main stock investment funds in the Brazilian market, during the period from 1997 to 2006, using the (CAPM) and factor models in the manner of Fama and French (1993 consists of the result that the performance of the CAPM could be associated with the net equity and outperformance in relation to the Ibovespa of such funds, and such performance would be "lower" as both measures of the funds had higher values.
The results of said authors indicate that there is evidence that, although the factor models are more efficient in capturing better than the CAPM the risks associated with investment funds, since they were not developed specifically for the funds market, this improvement, however, does not seem to be sufficient, there being a need to construct frameworks, linear or otherwise, which accommodate the specific anomalies of the investment funds market, especially with respect to the size and outperformance effects.
Even though there is an unquestionable relevance in deriving models with such purpose, what has been developed, for example, in Matos and Silva (2010) , is interesting when analyzing the performances of such models on another aspect, different to those mentioned, all characterized by the direct and linear incorporation of new risk factors.
The discussion could thus have two aspects: which risk factors should be taken into
consideration and in what manner should they be incorporated into the theoretical framework. To Gourieroux and Monfort (1992), using ARCH and GARCH models, allow a possible negative correlation between risk and return when the excess return in the market is negative.
With such threshold effect, they observed that the CAPM model more is adequate for markets with downward trend when compared to those with upward trend. Akdeniz et al. (2003) when the market betas change in accordance with the economic scenario -by means of threshold effects.
In this context, methodologically in line with Akdeniz et al. (2003) , but for a panel with 75 stock funds in Brazil, from 1998 to 2008, this paper aims at evidencing whether or not there is a robustness of the evidence obtained in Matos and Rocha (2009) , where, for a sample of 18 stock investment funds, there would be a need to derive models more advanced than the CAPM to price funds with high NE and outperformance. We also analyze the evidence of some pattern or characteristic common to the investment funds which could cause them to be more adequately priced by a non-linear threshold approach, having the corresponding fund's NE as decision variable, whose threshold is determined endogenously. The goal is to contribute with such literature, by capturing a non-linear effect of the accounting variable, from the hypothesis that "very high values" of NE can interfere with the management or the performance of the fund, and especially with the models' capacity to price it.
EMPIRICAL EXERCISE
DATABASE
The empirical exercise will be based on a simple statistical test, according to which it will be possible to evidence whether the extension incorporated into the traditional CAPM has a better behavior in the pricing and in the forecasting of return of stock investment funds of the Brazilian market, and, in case it has, for what class of investment funds. In view of the goals established in this article, the data required to be used were extracted from the database system of the website Fortuna, specialized in investment funds in Brazil, and of the Brazilian Institute of Geography and Statistics (IBGE). From the first source, the time series of nominal return and net equity of all stock investment funds classified by Anbid, and in activity in Brazil from January 1998 to December 2008, were extracted, thus comprising 132 observations throughout time for 75 investment funds, whose names and respective codes are listed in Table 2 . 
ECONOMETRIC MODELS USED
The benchmark model applied in this study was the CAPM, in accordance with the following equation:
where  t consists of the regression residual.
The econometric estimation technique used was Ordinary Least Squares (OLS), where, aiming at obtaining robustness to the basic violations of heteroscedasticity and autocorrelation, the correction for the variance-covariance matrix proposed by Newey and West (1987) was adopted, valid particularly for large samples. known as CAPM threshold, can be described as follows: depending on the regime in force, to be identified from the endogenous determination of the threshold value  for the net equity, which has, throughout time, values higher and lower than the threshold. The residuals are deemed as independent and identically distributed with finite variance within each regime.
The estimation of the parameters of model (3) is made via minimization of the sum of the squared conditional residuals, according to Hansen (1999 vii A second and last extension proposed shall be the inclusion of a second threshold, being a scenario which analyzes the possibility of identifying more than two regimes.
The threshold model CAPM with three regimes will have the following structure:
The estimation of the parameters in this model is similar to that of the previous model. Table 5 and 6, respectively. 
RESULTS
Aiming at providing a better visualization of the identification of a pattern by the investment funds, the layout of Tables 4, 5 and 6 with the results follows the classification reported in Table 3 . * Parâmetro não significativo ao nível de 5%. Erro padrão entre parênteses. ** Não rejeita a hipótese nula de que o modelo restrito seja o mais adequado ao nível de 5%. P-valor Bootstrap entre entre colchetes.
a Técnica de estimação: Mínimos Quadrados Ordinários com correção para heterocedasticidade. P-valor (Bootstrap) obtido a partir de 1000 replicações segundo técnica de Hansen (1999 (0,001 6)* ,64 * Parâmetro não significativo ao nível de 5%. Erro padrão entre parênteses. ** Não rejeita a hipótese nula de que o modelo restrito seja o mais adequado ao nível de 5%. P-valor Bootstrap entre entre colchetes.
a Técnica de estimação: Mínimos Quadrados Ordinários com correção para heterocedasticidade. P-valor (Bootstrap) obtido a partir de 1000 replicações segundo técnica de Hansen (1999 (0,008 (0,004 (0,002 (0,002 (0,002 (0,001 (0,011 (0,004 (0,001 (0,010 (0,0050 (0,007 (0,003 (0,006 (0,114 (0,069 (0,025 (0,016 (0,025 (0,019 (0,140 (0,060 (0,020 (0,065 (0,117 (0,061 (0,078 (0,041 (0,076 The classification presented in Table 3 follows Fama and French (1993) , but taking into consideration the absolute outperformance and the net equity of the funds, instead of the size and value of stocks effects. Thus, aiming at identifying patterns in NE and performance, the classification is such that each one of the five divisions of average net equity is subdivided into 15 subdivisions formed based on the accumulated performance.
The intention of estimating the CAPM, as well as non-linear extensions, consists of accommodating the arithmetic of Sharpe (1991) for funds, so that a framework is more efficient, in case the estimation of Jensen's α i parameter, i.e., the intercept, is not significant.
Such intercept can also be interpreted as a type of significant average effect of the other omitted variables capable of explaining excess returns of the stock investment funds.
Thus, the results reported in Table 4 This is certainly not a trivial question. As the authors Fama and French (1993) themselves argued, even if such factor models were used to price the Fame-French portfolios in an in-sample exercise (within the sample), a good performance could not be guaranteed. non-linear effect to the traditional pricing modeling, similar to the works of Akdeniz et al. (2003) , but having as decision variable the net equity of the respective fund. Tables 5 and 6 present the results with one and two thresholds, respectively. With respect to the explanatory capacity, measured by R 2 , it is possible to detect a subtle worsening of the value of such indicator when using the non-linear CAPM, compared with the benchmark model. Although the average value remains the same for such indicator, for the majority of the funds, the explanation oscillates between 0.20 and 0.98.
In general, concerning thresholds, it is perceived that when only one change of regime is inserted, the thresholds oscillate between 100,000 and 400,000,000 Reais, while with the insertion of two breaks, such values oscillate between 100,000 and 220,000,000 Reais, for the first break, and from 230,000,000 to 490,000,000 Reais, for the second break. With respect to the significance of the coefficients for the models with two and three regimes, a robustness of the relevance of the market risk premium is evidenced, in view of the orders of such coefficient and its significance for each regime, validating the exercise. For two NE regimes, an increase of the systemic risk measured by the beta is perceived for the majority of the funds analyzed. With three regimes, the beta reduces from the regime with lower NE to the intermediate regime, having, after that, a strong increase of the values of such risk in the third regime. In all specifications, there does not seem to be a significant increase of the dispersion of the values of sensitivity to market risk. In both exercises, there is evidence that the systemic risk for a same fund increases when it starts to have very high levels of NE.
Observing results listed for the estimations of the alpha coefficients in Tables 4, 5 the unrestricted model, which now has three regimes seems to be better specified than that with a single threshold, with the null hypothesis being rejected only at 10% significance. 
FIGURE 1: EVOLUTION OF THE NET EQUITY OF THE INVESTMENT FUNDS COMP, GAP, ITAU1, ITAU7 AND SAFR5
While Chen et al. (2004) evidence that there is a negative effect of size in the performance of funds, which could be associated with organization or liquidity, for these 5 funds there is evidence of the size effect in the nature of the time series of returns, which starts to have greater systemic risk, to the point of it being suggested that two regimes are adopted for the same investment fund.
Finally, with respect to the forecast within the sample (in-sample) using the canonic model, it is possible to observe, in exception was the fund TELE, for which the models do not seem to be capable to price adequately.
However, corroborating the evidence obtained with the significance of the traditional CAPM's Jensen's alpha, the mean squared errors are in average higher than 5% for the two last remaining columns, which are characterized by higher outperformance in relation to the Ibovespa, orders of magnitude higher than the averages obtained for the other columns in the classification of funds, which oscillate from 1.9% to 3.8%. Such results are qualitatively robust when other measurements of forecast error are used.
Comparing all the proposed frameworks, there is evidence that the model with only two regimes (one threshold) has a forecast performance slightly higher than that of the canonic CAPM, with a forecast error oscillating from 1.07% to 11.52% and an average of 3.37% against 3.41% of the canonic CAPM. Among the 75 funds analyzed, for 18 of them characterized by smaller size and lower performance, the use of the CAPM would be capable of generating better forecast results in-sample when compared to the model with one threshold.
CONCLUSIONS
The literature of asset pricing has as its mainstream the development of micro-based frameworks capable of accommodating the main stylized facts of the stocks and indices market. Even though it is an extremely legitimate concern, it may have relegated other markets to a lower level of relevance, especially the investment funds market, admittedly relevant and with one of the highest potentials for growth, as argued in Vargas and Leal (2006) , according to which one of the most important questions of financial theories is related to the efficient management of portfolios.
In this context, this work adds to the discussion well developed in Matos and Rocha (2009) , aiming at evidencing whether there is any common pattern or characteristic for the investment funds which cause them to be more adequately priced by a non-linear threshold approach, having the net equity of the respective fund as decision variable. The main results suggest that the incorporation of non-linearity seems to be relevant in better accommodating the disturbance generated by the Jensen's alphas, but being capable of better pricing only a few funds with high net equity and low outperformance. The numbers also suggest there that it would be necessary to develop models in the manner of Fama and French (1993) , with specific factors for investment funds, as in Matos and Silva (2010) , whose results indicate that such extension is quite promising in the issue of better accommodating significant intercepts, explanatory power and, especially, with respect to in-sample and out-of-sample forecast of funds with high NE and outperformance, non-trivial conclusions, as argued in Fama and French (1993) . v. 19, n. 3, p. 425-42, 1964 . i For a complete survey on the applications of the CAPM and other pricing models, see Bonomo (2004) . ii Roll, later, proved that even well diversified portfolios, such as S&P 500, could not be used as market portfolio to test the validity of the correlation beta -expected return. iii Hansen in 1996 Hansen in , 1997 Hansen in and 2000 worked with the inference part of such models. iv There are over 140 funds in activity currently, but from such funds approximately half only began operating in the last ten years. v There is vast literature on the use of proxies of the risk-free rate in Brazil. See Matos and Simonassi (2008) . vi The autocorrelation may appear for various reasons, such as inertia or slowness of the economic time series, specification trends resulting from the exclusion of important variables of the model or use of incorrect functional forms. The correlation depends on the nature of the interdependence between the error terms. But, as the error terms are not observable, it is common practice to assume that they are generated by some mechanism.
vii In other words,  is restricted to a limited set    ,   , where    , q ,..., q  and q 1 ,..., q n  is the sample of observations candidate to the TR.
viii According to Hansen (2000) , a problem in the specification and in the estimation of non-linear frameworks is associated with the fact that the determination of the confidence regions depends either on large samples or on significant effects of the thresholds. 
